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Abstract 

 

The increasing demands for more accurate dynamic measurements of pressure in different 

industrial and scientific applications require the use of sensors with suitable dynamic 

characteristics. This paper discusses a development of a piston-in-cylinder primary standard for 

dynamic calibration of pressure sensors. The time-varying pressure generated by a piston-in-

cylinder pressure generator can be traceable to measurements of the static pressure and length at 

the highest and the lowest pulsation frequencies, where the process can be considered as 

adiabatic and isothermal, respectively. The main limitation of such a dynamic pressure calibrator 

to provide SI-traceable dynamic calibrations in the transition frequency range of polytropic 

pulsations is the fact that the value of the polytropic index depends on the degree to which the 

heat transfers to the surroundings during the generation of the time-varying pressure. In order to 

investigate the polytropic index, which defines the ratio of the amplitude of the generated 

relative pressure change to the amplitude of the relative volume change of the gas in the piston-

in-cylinder calibrator, the analytical solution in the frequency domain is presented. The analytical 

solution was derived on the basis of the lumped physical-mathematical model for the gas in the 

cylinder chamber of the piston-in-cylinder dynamic pressure calibrator. The experimentally 

obtained polytropic index for the built piston-in-cylinder calibrator confirms the results obtained 

from the analytical solution. The paper ends with an estimation of the measurement uncertainty 

related to the polytropic corrections and the time-varying pressure amplitude generated by the 

developed piston-in-cylinder calibrator.   
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1 Introduction 

 

The requirements for reliable dynamic measurements of pressure are becoming increasingly 

strict in many industrial and scientific applications [1,2]. The lack of metrological traceability for 

dynamic measurements of pressure, except for sound pressure, results in less-than-optimal 

measurements. Although it is well known that pressure sensors exhibit a distinctive dynamic 

behaviour that differs from their static sensitivity characteristic, the pressure sensors employed in 

such applications are often calibrated using static pressure standards to ensure 

metrological traceability to the International System of Units (SI).  

 

As pressure calibration requirements vary widely in frequency and amplitude, a variety of 

operating principles and configurations for dynamic pressure calibrators have been developed in 

order to provide traceable dynamic calibrations with the required levels of uncertainty. In 

general, dynamic pressure generators are divided into two classes: aperiodic and periodic [3–5]. 

In choosing between aperiodic and periodic pressure calibrator it is recommended to choose the 

pressure generation that most closely resembles the actual measurement situation. The range of 

use for aperiodic pressure calibrators is relatively wide as they are able to generate high 

amplitudes and cover many areas of industrial use for pressure sensors, e.g., automotive industry, 

aviation, military, etc. Typical aperiodic pressure calibrators available for traceability at high-

frequency time-varying pressures are shock tubes, drop-weight systems and quick-opening valve 

devices. The shock tubes can generate repeatable, fast-rising, step-like pressures changes, which 

can be calculated from the ideal gas dynamics by measuring the velocity of the shock front and 

the initial pressure, where relatively large uncertainties associated with determining the velocity 

of the shock front due to non-instantaneous opening of the diaphragm and reflections of a non-

planar shock wave from the tube walls represent the main limitations of such dynamic pressure 

calibrators [6–11]. The drop-weight calibration systems can achieve metrological traceability by 

calculating the acceleration of the piston from a traceable measurement of the mass 

displacement, and independent measurements of the mass of the drop-weight and the cross-

sectional area of the piston, or by measuring the time variation of the pressure-dependent 

refractive index of the fluid under compression. With maximum pressure values of hundreds of 

megapascals, drop-weight systems have much higher pressure capacities than a shock tube. 



However, pressure rise times for drop-weight systems are of the order of 1 ms to 2 ms, leading to 

much reduced calibration bandwidths (less than 1 kHz) in comparison to shock tubes [8,12]. The 

reference time-varying pressure generated by quick-opening valve calibrators can be estimated 

from traceable measurements of the static pressure and the calculation of the pressure change 

based on the density change of the transmitting medium. The main limitations of such pressure 

calibrators are relatively large uncertainties related to the generated pressure profiles and much 

slower rise times for the generated pressure in comparison with those obtained in shock tubes 

[13].  

 

In many industrial and scientific applications the ability to accurately measure small amplitudes 

of pressure pulsations is very important, e.g. in acoustics, in measurements of the fluid flow with 

differential pressure flow meters, in medicine, etc. For these applications the use of the periodic 

dynamic calibrators is essential as they enable determination of the dynamic response of pressure 

meters under constant-amplitude pulsating pressure conditions [14–16]. Typical periodic 

pressure calibrators available for traceability at low-amplitude time-varying pressures are 

rotating valves and piston-in-cylinder dynamic calibrators. A rotating valve switches the pressure 

supplied to the calibration object between two (or more) values, which generates approximately 

rectangular pressure waveform with the frequency determined by the rotational speed of the 

valve. The rotating-valve calibration systems can achieve metrological traceability for the 

measurements of the generated time-varying pressure with the use of an optical interferometric 

measurement technique for the pressure dependence of the refractive index of the fluid. The 

main limitations of such pressure calibrators are relatively large uncertainties related to the 

ringing of the pressure waveform, which mainly depends on the resonance frequency of the fluid 

inside the dynamic pressure calibrator [17]. An example of a periodic pressure calibrator capable 

of providing SI-traceable dynamic pressure calibrations is also the piston-in-cylinder dynamic 

calibrator, which is discussed in this paper. Its principle of operation is based on an oscillating 

piston, which causes changes in the volume of the gas in the cylinder chamber and consequently 

changes to the pressure inside the cylinder chamber. If we consider an ideal gas in a closed 

cylinder chamber, where the piston moves at a velocity much less than the speed of sound of the 

gas in the cylinder chamber, the relationship between the volume V(t) and the pressure p(t) of the 

gas in the cylinder chamber is given by [18,19]: 



 

     constant,np t V t   (1) 

 

where n is the dimensionless polytropic index. The value of n approaches the adiabatic index  at 

higher frequencies of the piston oscillation, where the gas volume changes relatively quickly 

over time with respect to the heat transfer to the surroundings, and therefore the process can be 

considered as adiabatic. By decreasing the frequency of the piston oscillations, the value of n 

decreases. At the lowest pulsation frequencies, where the gas volume changes are relatively slow 

over time with respect to the heat transfer to the surroundings, the process can be considered as 

isothermal and the value of n approaches a value of 1.  

 

The pressure and the volume of the gas in the cylinder chamber can be expressed as 

0( ) ( )p t p p t   and 
0( ) ( )V t V V t  , respectively, where p0 and V0 represent their time-

averaged components and ( )p t  and ( )V t  their time-varying components. For relatively small 

pressure and volume changes, the linear relationship between ( )p t  and ( )V t  can be written as:  
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Considering the relationship between the volume change of the gas in the cylinder chamber and 

the displacement of the piston  ( ) ,V t Ah t   where A is the piston effective area and  h t  is 

the piston displacement, equation (2) can be written as [20]: 
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where 0 0h V A  is the effective height of the cylinder chamber. From equation (3) it is clear that 

time-varying pressure can be traceable to static pressure and length measurements at the highest 

and the lowest pulsation frequencies, where the process can be considered as adiabatic and 

isothermal, respectively. The main limitation of such a dynamic pressure calibrator for providing 



SI-traceable dynamic calibrations over a wide frequency range is the fact that the value of the 

polytropic index n in the transition frequency range of polytropic pulsations depends on the 

degree to which the heat transfers to the surroundings during the generation of time-varying 

pressure [21]. Therefore, calibrations in the transition frequency range of polytropic pulsations 

require the heat transfer correction to be employed to account for energy transfer that indicates a 

departure from adiabatic and isothermal behaviour. Many researchers have studied this general 

problem in the field of acoustics, where the standard governing primary reciprocity calibration of 

microphones provides two models for the heat transfer correction: the low frequency solution 

and the broadband solution [22–24]. The low frequency model derives from Gerber’s treatment 

of heat transfer in a closed fluid-filled cylindrical chamber, where the heat flow for the finite 

cylinder geometry at low frequencies is determined from the equation for energy conservation in 

an ideal gas, under the assumption of negligible convection, viscosity, friction, and a 

homogenous pressure distribution in the chamber [25]. Broadband solution, on the other hand, 

expands on the low frequency model by also considering a high frequency viscosity effect and 

therefore removes the assumption of homogeneous pressure within the chamber [26,27]. 

Analyses revealed that even after accounting for simplification errors, the underlying models 

exhibit different behaviours at lower pulsation frequencies that cannot be explained by their 

different treatments of viscosity.  

 

The aim of this paper is to investigate the polytropic corrections for the piston-in-cylinder 

calibrator with the purpose of developing the primary measurement system for dynamic 

calibration of pressure sensors. The obtained polytropic index variations will enable the 

derivation of the semi-empirical heat transfer correction factors to account for energy transfer 

with the surroundings that indicates a departure from adiabatic and isothermal behaviour, which 

will decrease the uncertainty component that covers the incompleteness of the current 

measurement models. In order to study the polytropic index in the frequency domain, 

mathematical and experimental analyses were performed. The analytical solution for the 

polytropic index in the frequency domain, which was derived on the basis of the lumped 

physical-mathematical model for the gas in the cylinder chamber of the piston-in-cylinder 

dynamic pressure calibrator, is presented in section 2. Section 3 presents the measurement 

system for the experimental investigations of the polytropic index for the piston-in-cylinder 



calibrator, the mechanical implementation of which was presented by the authors of this paper in 

[28]. The experimentally obtained polytropic index and the contribution of its measurement 

uncertainty to the uncertainty of the time-varying pressure amplitude generated by the built 

piston-in-cylinder calibrator are discussed in section 4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



2 Theoretical background 

 

2.1 Lumped physical-mathematical model 

 

Figure 1 shows a schematic representation of the lumped physical-mathematical model for the 

gas in the cylinder chamber of the piston-in-cylinder dynamic pressure calibrator. By neglecting 

the leakage to the surroundings, the mathematical modelling is based on the laws of conservation 

of mass and energy for closed systems. The gas in the cylinder chamber of the piston-in-cylinder 

dynamic pressure calibrator is assumed to be calorically perfect (specific heat at constant 

pressure cp and specific heat at constant volume cv are considered to be independent of pressure 

and temperature), for which the relations γ = cp/cv and cp = cv + R, where γ is the adiabatic index 

and R is the molar gas constant, are considered. The pressure of the gas in the cylinder chamber 

is considered to be spatially homogeneous (which holds true for the wavelengths of the pressure 

pulsations, which are large compared with the linear dimensions of the cylinder chamber), where 

the heat exchange with the surroundings is modelled as the heat transfer between the gas in the 

cylinder chamber, with the spatially averaged temperature T(t), and the cylinder wall, with the 

temperature Tw. Based on the equation of state and the energy equation, the lumped physical-

model for the gas in the cylinder chamber can be derived as a system of two, nonlinear, first-

order differential equations for the absolute gas pressure p(t) and the gas temperature T(t) as a 

function of time t (for details of the derivation of the lumped physical-mathematical model see 

[28]): 
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where αw is the effective heat transfer coefficient of the lumped-element model, which generally 

depends on convective, conductive and radiative heat exchange in the cylinder chamber. If we 

assume that the outer diameter of the piston is equal to the inner diameter of the cylinder 

chamber, the piston effective area is determined as 2 2π( ) 4c rodA D D   and the surface area of 

the cylinder chamber through which the heat is transferred to the surroundings as 

   π ,w cA t A D h t   where Dc is the inner diameter of the cylinder chamber and Drod is the 

diameter of the through piston rod.   

 

The system of two differential equations is solved with the fourth-order, Runge-Kutta, fixed-step 

method. For the initial conditions in the simulations within this paper we considered the time-

averaged values, p(0) = p0 and T(0) = T0 = Tw. In the simulations the piston is considered to 

oscillate sinusoidally,     0 1 εsin 2π ,h t h ft   where  and f are the relative amplitude and 

frequency, respectively, of the generated piston displacement.  

 

 



 

 

Figure 1. Model for the gas in the piston-in-cylinder dynamic pressure calibrator. 

 

 

2.2 Analytical solution for the polytropic index in the frequency domain 

 

The pressure and the temperature of the gas in the cylinder chamber, and the height of the 

cylinder chamber, can be expressed as the sum of their time-averaged components and their 

time-varying components,    0 ,p t p p t      0T t T T t   and    0 ,h t h h t   

respectively. For relatively small pressure, temperature and piston oscillations,  p t ,  T t  and 

  ,h t  respectively, where we consider the time-averaged temperature of the gas T0 to be the 

same as the temperature of the cylinder wall Tw, equations (4) and (5) can be linearized and 

written using the Laplace transformation as: 



    0 0

0

1
( ) γ ( ) γ 1 α π ( )w csP s p AsH s A D h T s
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and 

 

      0
0 0

0 0
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sT s p AsH s A D h T s

p Ah
           (7) 

 

where ( ),P s  ( )T s  and ( )H s  are the time-varying components in the Laplace domain. 

 

By substituting the expression for ( )T s  from equation (7) into equation (6) and multiplying by 

the ratio of the average height of the cylinder chamber to the average absolute gas pressure 

0 0 ,h p  we obtain the transfer function of the dynamic pressure calibrator as the ratio between 

the generated relative pressure change and the relative volume change (analogous to the 

definition of the polytropic index in equation (3)): 

 

 0
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where  is the time constant: 
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From equation (9) it is clear that the time constant of the piston-in-cylinder dynamic pressure 

calibrator and its cutoff frequency (−3 dB) defined as  1 2πτcf   depend on the dimensional 

parameters of the dynamic pressure generator, the average pressure and the average temperature 

of the gas in the cylinder chamber, and the effective heat transfer coefficient.  

 



If jω is substituted for s, the transfer function (8) yields a frequency response function of the 

dynamic pressure calibrator n(jω). The magnitude of its response determines the ratio of the 

amplitude of the sinusoidally generated relative pressure change 0P p  to the amplitude of the 

relative volume change 0
H h  and therefore the polytropic index n as: 
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 (10) 

 

where ω 2πf  is the angular velocity of the sinusoidal pulsations. 

 

Simulations of the polytropic index are performed in the frequency range of the generated 

pressure pulsations from 0 Hz to 200 Hz for the dimensions of the piston-in-cylinder dynamic 

pressure generator, which refer to the actual configuration of the dynamic pressure calibrator, 

described in section 3, see table 1. Figure 2 shows the polytropic index in the frequency domain 

obtained for a heat transfer coefficient w = 500 W m
–2

 K
–1

 using the analytical solution (10) and 

the direct solution of the lumped physical-mathematical model presented in subsection 2.1. In 

order to determine the polytropic index using the lumped physical-mathematical model, the 

amplitude of the time-varying pressure was obtained using a digital Fourier transform as the 

component of the pressure signal at the frequency of the generated pulsations. From the results of 

the analytical solution it is clear that the value of the polytropic index approaches the adiabatic 

index at higher pulsation frequencies, where the process can be considered as adiabatic. By 

decreasing the frequency of the piston oscillations, the value of the polytropic index decreases. 

At the lowest pulsation frequencies, where due to the relatively slow volume changes over time 

with respect to the heat transfer to the surroundings, the process can be considered as isothermal, 

it is evident that the value of the polytropic index approaches a value of 1. The results of the 

analytical solution show good agreement with the results of the lumped model for relatively 

small piston oscillations, where the relative errors in determining the polytropic index obtained 

with the analytical solution are less than 0.00003 over the entire frequency range for  = 0.01. 

Due to the fact that the linearized analytical solution holds true for relatively small pressure and 

volume changes of the gas in the cylinder chamber, the results of the analytical solution start to 



differ from the results of the lumped model when the pulsation amplitudes in the lumped model 

are increased. The results of the lumped model show that for  = 0.1 the relative errors of the 

polytropic index obtained with the analytical solution reach values up to about 0.003 and, for 

 = 0.2, up to about 0.01. 

 

 

Table 1. Modelling input data. 

 

Parameter Description Value 

Dc 

Drod 

h0 

Tw 

p0 

γ 

Inner diameter of the cylinder chamber  

Diameter of the piston rod  

Time-averaged height of the cylinder chamber 

Cylinder wall temperature 

Time-averaged absolute pressure of the gas 

Adiabatic index 

0.08 m 

0.012 m 

0.01205 m 

293 K 

100 kPa 

1.4 

f 

αw  

Pulsation frequency  

Heat transfer coefficient 

(0 … 200) Hz 

 (30, 500, 1000) W m
–2

 K
–1

 

 

 



 

 

Figure 2. Polytropic index in the frequency domain obtained with the analytical solution and the 

lumped model (w = 500 W m
–2

 K
–1

). 

 

 

Figure 3 shows the polytropic index in the frequency domain obtained with the analytical 

solution for different values of the heat transfer coefficient. The results show that by increasing 

the value of the heat transfer coefficient the polytropic index increases more slowly with the 

pulsation frequency due to a more intense heat transfer to the surroundings. The cutoff frequency 

of the piston-in-cylinder dynamic pressure calibrator increases from 0.8 Hz to 25 Hz when 

increasing the value of the heat transfer coefficient from 30 W m
–2

 K
–1

 to 1000 W m
–2

 K
–1

. 



 

  

Figure 3. Polytropic index in the frequency domain obtained with the analytical solution for 

different values of the heat transfer coefficient. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



3 Measurement system 

 

The measurement system is schematically presented in figure 4. In the developed piston-in-

cylinder dynamic pressure calibrator the piston is driven by a forced-air-cooled electrodynamic 

shaker (LDS, V406, maximum sine peak force 196 N, maximum peak-to-peak displacement 

17.6 mm, frequency range 5 Hz to 9 kHz) to create sinusoidal pressure pulsations in the 

pneumatic cylinder. The electrodynamic shaker is connected to the piston rod of the dynamic 

pressure generator with a connecting piece, which enables the settings of the initial position of 

the piston inside the pneumatic cylinder that is determined by measuring the length of the 

through piston rod outside the cylinder with a digital caliper (Mitutoyo, CD-15DC, measuring 

range 0 mm to 150 mm). The operation of the shaker is monitored with the aid of a signal from a 

laser triangulation displacement sensor (Micro-Epsilon, ILD 2300-2, measuring range 0 mm to 

2 mm, linearity 0.6 m, measuring rate 20 kHz, Ethernet PC connection), which senses the 

motion of the piston-rod assembly by measuring the displacement of the through piston rod.  

 

The generated pressure pulsations in the upper chamber of the pneumatic cylinder are measured 

with a piezoelectric pressure transducer (Kistler, 7261, sensitivity 2246 pC bar
–1

, cal. measuring 

range 2500 Pa, internal volume 1.7 cm
3
, natural frequency 13 kHz, acceleration sensitivity 

10 Pa m
–1

 s
2
, charge output). The piezoelectric pressure transducer is connected to the cylinder 

with a short both-side-threaded screw in order to reduce the effects of the connecting tube on the 

magnitude of the dynamic measurement errors (see, e.g., [29]). Due to the fact that the 

piezoelectric measurement system does not measure the static pressure component, an additional 

flush mounted, piezoresistive, absolute pressure transmitter (Kistler, 4260A, cal. measuring 

range 99 kPa to 103 kPa, frequency range 0 Hz to 2 kHz, acceleration sensitivity 51 Pa m
–1

 s
2
, 

voltage output) is used to measure the average pressure in the upper cylinder chamber during the 

generated pressure pulsations and to obtain the results for a pulsation frequency of 0 Hz, where 

the static pressure change of the air in the cylinder chamber due to the static position change of 

the piston is measured. (The pressure pulsations are measured with the piezoelectric pressure 

transducer because of its lower sensitivity to the accelerations of the mechanical vibrations 

transmitted to the pressure transducer during the dynamic operation of the pressure generator.) In 

order to measure the vibrations transmitted to the pressure transducer, a piezoelectric charge 



accelerometer (Brüel & Kjær, 4393, sensitivity 0.3141 pC m
–1

 s
2
, measuring range –50 km s

–2
 to 

+50 km s
–2

 peak, frequency range 5 Hz to 10 kHz, charge output) is fastened to it. The signals 

from the piezoelectric pressure transducer and the accelerometer are amplified using a charge 

amplifier (Dewetron, DAQ-Charge, sensitivity 0.01 V pC
–1

, full scale output –5 V to +5 V, 

frequency range 0.07 Hz to 30 kHz (–3 dB)). The pressure and acceleration signals are connected 

to a data-acquisition (DAQ) board (National Instruments, NI USB-6251 BNC, resolution 16 bit, 

set sampling rate 100 kHz). The DAQ board also employs an analogue output to control the 

operation of the shaker. The output signal is amplified by a power amplifier (LDS, PA500L-CE, 

rated sinusoidal power output 500 W, frequency range at rated power 20 Hz to 14 kHz, 

maximum output voltage 40 V RMS) and then supplied to the shaker.  

 

The temperature of the cylinder wall is measured with a calibrated thermocouple type J (Fe-

CuNi) attached to the cylinder housing at the nearest location to the piston with a thermal paste 

in between in order to increase the thermal conductivity between the thermocouple and the 

cylinder housing. The thermocouple is connected to a thermocouple measurement device 

(National Instruments, NI USB-TC01, cal. measuring range 20 °C to 70 °C, resolution 20 bit, 

sampling rate 4 Hz, expanded measurement uncertainty (k = 2) 0.7 °C, USB PC connection). 

 

The control system algorithms and the signal processing of all the measurement signals are 

realized in the LabVIEW programming environment. 

 

 



 

 

Figure 4. (a) Schematic view of the measurement system. (b) Detailed schematic view of the 

piston-in-cylinder assembly.  

 

 



4 Experimental study 

 

The effective height of the cylinder chamber h0 in the equation for the polytropic index (10) was 

determined in preliminary experiments by generating small static volume changes of the air in 

the cylinder chamber (the initial position of the piston, which defines the height of the cylinder 

chamber, is in the middle of the cylinder). In this case, we can consider the isothermal process of 

the gas and a constant piston effective area during the expansion or compression of the gas, so 

the height of the cylinder chamber can be determined as: 

  

 0 2

Δ
,

Δ

h
h p

p
   (11) 

 

where h and p are the measured static position change of the piston and the static pressure 

change of the gas, respectively, and p2 is the static absolute pressure measured after the 

generated volume change. The average value of the effective cylinder chamber height obtained 

from seven repeated measurements is h0 = 12.05 mm with the experimental standard deviation of 

the measurements  0 0.03 mm.s h    

 

Figure 5 shows the polytropic index obtained from the measurements under stabilized thermal 

conditions at an average pressure that is approximately equal to the barometric pressure and 

approximately constant amplitudes of the piston displacements of 0.1 mm, 0.15 mm and 0.2 mm 

(relative amplitude  from 0.0083 to 0.0166). While the results for the pulsation frequency of 

0 Hz were obtained by measuring the static pressure change due to the static position change of 

the piston, the amplitudes of the sinusoidal pressure and the displacement oscillations generated 

in the frequency range up to 158 Hz (imposed by the maximum shaker force) were determined 

using a digital Fourier transform as the component of the measured pressure and the 

displacement signal at the frequency of the generated pulsations, respectively. This method was 

used in order to remove the noise from the high-frequency sampled measurement signals that 

mainly results from the nonlinear dynamic behaviour of the piston seal. The results of the 

measurements show relatively similar values of the polytropic index for different values of the 

piston displacement amplitudes. It is confirmed that for small relative amplitudes of the piston 



displacements the value of the polytropic index is about 1 for the static measurements (pulsation 

frequency of 0 Hz) and approaches the value of the adiabatic index, i.e., about 1.4 for dry air, at 

the highest applied pulsation frequencies.  

 

 

 

 

Figure 5. Polytropic index in the frequency domain obtained with the measurements for different 

values of the piston displacement amplitudes. 

 

 

In order to determine the effective heat transfer coefficient from the measured values of the 

polytropic index with the use of the analytical solution (10), which was obtained by neglecting 

the leakage to the surroundings, the validity of this assumption was verified in preliminary 

experiments. In the frame of linear theory the effect of the leakage on the dynamics of the 

dynamic pressure generator can be described as a first-order high-pass dynamic system with the 

time constant 
0 0τ ,leakAh np K  where the leakage factor Kleak relates the volumetric leakage 

flow rate qv,leak to the pressure difference between the pressure inside the dynamic pressure 

generator and the ambient pressure ∆p, , Δleak v leakK q p  [30]. The leakage does not affect the 

measured amplitude-frequency characteristic of the dynamic pressure generator if 1/τ << f in the 



observed frequency range. The leakage factor of the system under discussion was estimated with 

the use of pressure change method [31]. The resulting value of 1/τ is found to be less 

than 10
−5

 Hz, so the assumption of neglecting the leakage effects is valid for the discussed 

dynamic pressure generator. Using the analytical solution (10), the effective heat transfer 

coefficient can be determined as: 
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  (12) 

 

where p0 and T0 are the time-averaged absolute pressure and temperature of the gas in the 

cylinder chamber during the measurements, respectively, and for  the value of 1.4 is considered 

(the relative variations of  with the variation of the temperature and the humidity of the air 

during the measurements were estimated to be less than 0.001 [32]). Due to the greater 

sensitivity of the polytropic index n to the pulsation frequency at lower pulsation frequencies, 

which enables a more accurate determination of the dependence of the heat transfer coefficient 

on the pulsation frequency, the experimental results in the frequency range up to 100 Hz were 

considered in equation (12). Figure 6 shows that the effective heat transfer coefficient increases 

with the pulsation frequency. A relatively good agreement for the heat transfer coefficient 

obtained at different amplitudes of the piston displacement shows that at relatively small piston 

displacements the change in the amplitude of the piston displacement does not significantly 

affect the heat transfer process in the piston-in-cylinder dynamic pressure calibrator. The 

representative dependence of the heat transfer coefficient on the pulsation frequency was 

determined by fitting the experimental results obtained for different values of the piston 

displacement amplitudes. The full line in figure 6 approximates the results of the heat transfer 

coefficient in the form:    

 

 0.725α 0.74 39 .w f    (13) 

 



The results of the approximation show that the effective heat transfer coefficient increases from 

approximately 40 W m
–2

 K
–1

 to 1100 W m
–2

 K
–1

 when increasing the pulsation frequency in the 

piston-in-cylinder dynamic pressure calibrator from 1 Hz to 100 Hz. 

 

 

 

 

Figure 6. Heat transfer coefficient in the frequency domain obtained with the measurements for 

different values of the piston displacement amplitudes. 

 

 

4.1 Measurement uncertainty of the polytropic index 

 

Considering equation (10), the main contributions to the uncertainty of the measured polytropic 

index can be divided into the measurement uncertainty related to the amplitude of the time-

varying pressure ,P  the measurement uncertainty related to the average absolute pressure of the 

air in the cylinder chamber p0, the measurement uncertainty related to the amplitude of the piston 

displacement H   and the measurement uncertainty of the effective cylinder chamber height 

value h0. The measurement uncertainty evaluation presented in this paper is performed in 

accordance with JCGM 100: 2008 [33]. 



 

The piezoelectric pressure transducer was dynamically calibrated with the piezoresistive pressure 

transmitter at the pulsation frequency of 10 Hz (the frequency at which the effects of the 

dynamic responses and mechanical vibrations on the time-varying pressure measurements 

obtained with both measurement systems are estimated to be negligible). The later was calibrated 

statically in the gauge pressure range of 2500 Pa. The time-varying pressure amplitude 

uncertainty includes, in addition to the contribution of the measurement errors and their 

uncertainties from the static gauge pressure calibration of the piezoresistive pressure transmitter, 

the contribution of the dynamic errors of the pressure measurements by the piezoelectric pressure 

transducer and the contribution of the errors due to mechanical vibration effects on the 

piezoelectric pressure transducer. The standard relative uncertainty of the time-varying pressure 

is therefore determined as: 

 

           
22 2

.static dynamic vibrationsu P P u P P u P P u P P           (14) 

 

The contribution of the measurement errors and their uncertainties from the static calibration of 

the piezoresistive pressure transmitter is estimated to be   0.0015.staticu P P    The relative 

dynamic measurement errors can be estimated with the help of the frequency response function 

of the piezoelectric measurement system as [34]: 
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where the expression in the first parenthesis represents the linear, undamped, second-order, 

amplitude-frequency response of the piezoelectric pressure transducer, and the expression in the 

second parenthesis represents the linear, first-order, amplitude-frequency response of the charge 

amplifier high-pass filter. The piezoelectric pressure transducer with an internal volume of 

1.7 cm
3
 is connected to the cylinder with a connecting element of length 27 mm and an inner 

diameter of about 3 mm, which results in the natural frequency of such a fluid oscillator equal to 



about fn = 1223 Hz [29]. The signals from the piezoelectric pressure transducer are conditioned 

using a charge amplifier with a high-pass filter cutoff frequency fc,h = 0.07 Hz. Therefore, the 

relative dynamic measurement errors are estimated to be approximately −0.0024 for the 

pulsation frequency of 1 Hz and increase with the pulsation frequency up to approximately 

0.0170 at a pulsation frequency of 158 Hz. Considering the rectangular probability distribution, 

the contribution of the dynamic errors of the pressure measurements to the relative standard 

uncertainty of the time-varying pressure amplitude is determined as 

  , 3.dynamic dynamic ru P P e     

 

The mechanical vibrations transmitted to the piezoelectric pressure transducer through the 

cylinder housing during the dynamic operation of the piston-in-cylinder dynamic pressure 

generator can produce acceleration-induced charges within the piezoelectric pressure transducer, 

generating spurious signals. The measurement errors due to mechanical vibration effects on the 

piezoelectric pressure transducer were determined by measuring the accelerations of the 

mechanical vibrations of the pressure transducer and considering the pressure transducer 

acceleration sensitivity as: 

 

 ,vibrations vibrationse SA  (16) 

 

where S is the pressure transducer acceleration sensitivity of approximately 10 Pa m
–1

 s
2
 

(specified by the manufacturer and also experimentally confirmed by the authors of this paper in 

[21]) and Avibrations is the acceleration amplitude of the measured mechanical vibrations at the 

frequency of the generated pressure pulsations. The measurement errors due to vibration effects 

are approximately 1 Pa for lower pulsation frequencies and increase to about 9 Pa for 

measurements at an amplitude of the piston displacement equal to 0.1 mm, and to about 19 Pa 

for the measurements at the amplitude of 0.2 mm when increasing the pulsation frequency to 

158 Hz. Considering the rectangular probability distribution, the contribution of the errors due to 

vibration effects on the piezoelectric pressure transducer is represented with the standard 

uncertainty as   3.vibrations vibrationsu P e    

 



The average absolute pressure uncertainty includes the contribution of the measurement errors 

and their uncertainties determined using the calibration results of the piezoresistive absolute 

pressure transmitter. The relative standard uncertainty of the average absolute pressure p0, where 

the correction of the systematic time drift of the pressure transmitter is made before each series 

of measurements, is estimated to be  0 0 0.0025.u p p   

 

Due to the relatively small piston oscillations with respect to the measuring range of the sensor, 

the maximum measurement error of the laser triangulation displacement sensor takes into 

account the maximum non-linearity of the sensor and is therefore estimated to be 6 ∙ 10
–4

 mm. 

The dynamic errors of the piston displacement measurements estimated from the dynamic 

response of the sensor are negligible with respect to the non-linearity of the sensor. Considering 

the rectangular probability distribution, the standard measurement uncertainty of the piston 

displacement amplitude is   46 10 3  mm.u H     

 

Due to the fact that the effective cylinder chamber height is obtained by preliminary experiments 

using the same measurement equipment as for the static measurements of the polytropic index, 

the standard measurement uncertainty of the effective height of the cylinder chamber is given by 

its repeatability,    0 0 0.03 mm.u h s h   We would like to stress that in dynamic 

measurements of the polytropic index, additional contributions to the measurement uncertainty 

of the effective cylinder chamber height can occur. For example, if due to the different dynamic 

behaviour of the piston seal the diameter related to the piston effective area changes from the 

inner diameter of the cylinder chamber (the seal is considered to be moving with the piston) to 

the outer diameter of the piston (the seal is considered to be stationary during the movements of 

the piston), the effective cylinder chamber height would change by 0.16 mm.  

 

The relative combined standard uncertainty of the polytropic index can be expressed by 

combining the individual components as: 

 

              
2 2 2 2

0 0 0 0 ,u n n u P P u p p u H H u h h        (17) 

 



where the individual contributions are assumed to be uncorrelated. The relative expanded 

uncertainty of the polytropic index is evaluated as     ,U n n k u n n   where a coverage 

factor k = 2 is assumed.  

 

Figure 7 shows the relative combined standard uncertainty of the polytropic index and the 

contributions of particular components for measurements at the amplitude of the piston 

displacement equal to about 0.1 mm. In the considered case the combined standard uncertainty is 

approximately 0.0065 for lower pulsation frequencies and increases with the pulsation frequency 

up to approximately 0.013 at a pulsation frequency of 158 Hz. The increase in the uncertainty 

with the pulsation frequency is mostly attributed to the time-varying pressure amplitude 

component, namely due to the contribution of the dynamic errors of the pressure measurements 

and the contribution of the errors due to mechanical vibration effects on the piezoelectric 

pressure transducer. The uncertainty analysis shows that at lower pulsation frequencies the most 

important uncertainty contribution is the uncertainty of the piston displacement amplitude. The 

contributions of the time-varying pressure amplitude and the piston displacement amplitude 

remain the most important also for measurements at the amplitudes of the piston displacement 

equal to about 0.15 mm and 0.2 mm. 

 

 

 



 

 

Figure 7. Relative combined standard uncertainty of the polytropic index and the contributions 

of particular components  0.1mm .H    

 

 

In figure 8 the relative expanded uncertainty of the polytropic index is presented for 

measurements at amplitudes of the piston displacement equal to about 0.1 mm, 0.15 mm and 

0.2 mm. Due to the decreasing relative uncertainty of the piston displacement amplitude with the 

increasing amplitude of the piston displacement, the relative expanded uncertainty of the 

polytropic index at lower pulsation frequencies decreases from approximately 0.013 to 0.009 

with an increasing amplitude of the piston displacement from 0.1 mm to 0.2 mm. It is also 

evident that due to the increasing time-varying pressure amplitude uncertainty with the pulsation 

frequency, the relative expanded uncertainty of the polytropic index increases up to about 0.026 

for measurements at an amplitude of the piston displacement equal to 0.1 mm and up to about 

0.024 for the measurements at the amplitudes of 0.15 mm and 0.2 mm when increasing the 

pulsation frequency up to 158 Hz. 

 

 

 



 

 

Figure 8. The relative expanded uncertainty of the polytropic index measurements at different 

values of the piston displacement amplitudes.  

 

 

4.2 Measurement uncertainty of the time-varying pressure generated by the calibrator 

 

The amplitude of the time-varying pressure P  generated by the piston-in-cylinder calibrator is 

determined by measuring the average absolute pressure of the air in the cylinder chamber p0 and 

the amplitude of the piston displacement ,H   and considering preliminarily determined effective 

height of the cylinder chamber h0 and the polytropic index n, see equation (10). The average 

absolute pressure p0 and the amplitude of the piston displacement H  are measured using the 

same measurement equipment as for the measurements of the polytropic index. The absolute 

pressure transmitter was corrected for the systematic time drift before each series of 

measurements. If we also assume that h0 has not changed from the time the polytropic index was 

measured, the individual contributions to the uncertainty of the generated time-varying pressure 

can be assumed to be correlated and therefore the relative expanded uncertainty of the generated 

amplitude of the time-varying pressure to be the same as the relative expanded uncertainty of the 

polytropic index,     .U P P U n n    



 

In figure 9 the relative expanded uncertainty of the time-varying pressure amplitude generated by 

the piston-in-cylinder calibrator is compared with the relative errors of the pressure amplitude 

measurements obtained with use of the piezoelectric pressure transducer and the piezoresistive 

pressure transmitter for the amplitude of the piston displacement equal to about 0.1 mm. The 

results show that the relative errors of the pressure measured with the piezoelectric pressure 

transducer are similar as the relative errors obtained with the piezoresistive pressure transmitter 

up to about 20 Hz. While the value of the errors of the pressure measurements obtained with the 

piezoelectric pressure transducer remain below 0.003 of the generated pressure in the entire 

pulsation frequency range, the errors of the pressure measurements obtained with the 

piezoresistive pressure transmitter increase up to about 0.022 when increasing the pulsation 

frequency up to 158 Hz. The increase of the errors of the pressure measurements obtained with 

the piezoresistive pressure transmitter is expected to be mostly attributed to its higher sensitivity 

to the accelerations of the mechanical vibrations transmitted to the pressure transmitter, since the 

measurement errors due to mechanical vibration effects are estimated to increase up to 0.008 of 

the generated pressure for the measurements with the piezoelectric pressure transducer 

(acceleration sensitivity of approximately 10 Pa m
–1

 s
2
) and up to about 0.039 for the 

measurements with the piezoresistive pressure transmitter (acceleration sensitivity of 

approximately 51 Pa m
–1

 s
2
) when increasing the pulsation frequency up to 158 Hz. 

Minimization of the mechanical vibrations during the operation of the dynamic pressure 

generator would therefore significantly reduce this effect and consequently the calibration 

uncertainty of the developed piston-in-cylinder calibrator in dynamic calibrations of more 

acceleration-sensitive pressure meters. 

 

 



 

 

Figure 9. The relative expanded uncertainty of the generated time-varying pressure amplitude 

and the relative errors of the measurements  0.1mm .H    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



5 Conclusions 

 

This paper discusses a development of a piston-in-cylinder primary standard for dynamic 

calibration of pressure sensors. The time-varying pressure generated by a piston-in-cylinder 

pressure generator can be directly traceable to static pressure and length measurements at the 

highest and the lowest pulsation frequencies, where the process can be considered as adiabatic 

and isothermal, respectively. The main limitation of such dynamic pressure calibrator for 

providing SI-traceable dynamic calibrations in the transition frequency range of polytropic 

pulsations is the fact that the value of the polytropic index depends on the degree to which the 

heat transfers to the surroundings during the generation of the time-varying pressure. Therefore, 

the calibrations in the transition frequency range of polytropic pulsations require the heat transfer 

corrections to be employed to account for energy transfer that indicates a departure from 

adiabatic and isothermal behaviour. 

 

The results of the analytical solution for the polytropic index in the frequency domain, which 

was derived on the basis of the lumped physical-mathematical model for the gas in the cylinder 

chamber of the piston-in-cylinder dynamic pressure calibrator, confirm that the value of the 

polytropic index approaches the adiabatic index at higher frequencies of the piston oscillations, 

where the gas volume changes relatively quickly over time with respect to the heat transfer to the 

surroundings and therefore the dynamic process can be considered as adiabatic. By decreasing 

the frequency of the piston oscillations, the value of the polytropic index decreases. At the lowest 

pulsation frequencies, where the gas volume changes are relatively slow over time with respect 

to the heat transfer to the surroundings, the process can be considered as isothermal and the value 

of the polytropic index approaches a value of 1. The results of the analytical solution show good 

agreement with the results of direct solutions of the lumped model for relatively small piston 

oscillations. The results of theoretical analyses show that by increasing the value of the heat 

transfer coefficient the polytropic index increases more slowly with the pulsation frequency due 

to more intense heat transfer to the surroundings.  

 

The polytropic index for the developed piston-in-cylinder calibrator was also determined 

experimentally. The results of the measurements obtained at small relative amplitudes of the 



piston displacement show relatively similar values of the polytropic index for different 

amplitudes of the piston displacement and confirm the results of the derived analytical solution. 

A relatively good agreement of the heat transfer coefficient obtained at different amplitudes of 

the piston displacement indicates that at relatively small piston displacements the change in the 

amplitude of piston displacement does not significantly affect the heat transfer process in the 

piston-in-cylinder dynamic pressure calibrator.  

 

The uncertainty analysis of the polytropic index measurements shows that the increase of the 

uncertainty with the pulsation frequency is mostly attributed to the time-varying pressure 

amplitude component, namely due to the contribution of the dynamic errors of the pressure 

measurements and the errors due to mechanical vibration effects. Minimization of the 

mechanical vibrations during the operation of the dynamic pressure generator could reduce both 

contributions, since it would enable the measurements of the time-varying and average pressure 

components with the more acceleration-sensitive absolute pressure transmitter, but with smaller 

dynamic effects of the connecting tubing. Furthermore, replacing a piston in the dynamic 

pressure generator with the diaphragm could eliminate the potential systematic errors of the 

effective cylinder chamber height, resulting from the changing piston effective area, which can 

occur due to changing dynamic behaviour of the piston seal.   

 

The time-varying pressure generated by the piston-in-cylinder calibrator is determined by 

measuring the average absolute pressure of the air in the cylinder chamber, the amplitude of the 

piston displacement, the effective height of the cylinder chamber and the polytropic index. The 

presented example of the application of the piston-in-cylinder dynamic pressure calibrator for the 

amplitude of the piston displacement equal to about 0.1 mm shows that the estimated expanded 

uncertainty of the time-varying pressure amplitude generated by the piston-in-cylinder calibrator 

is larger than the relative errors of the pressure measured with the piezoelectric pressure 

transducer and the more acceleration-sensitive piezoresistive pressure transmitter. 

  

In the future work, we plan to improve the calibration uncertainty of the developed piston-in-

cylinder calibrator by minimizing the effects of mechanical vibrations transmitted to the pressure 

transducer during the dynamic operation of the pressure generator. The results of the polytropic 



index study presented in this paper will help us to derive the semi-empirical heat transfer 

correction factors for the existing mathematical models describing the general functional 

dependence of the polytropic index on different dimensional parameters of the piston-in-cylinder 

calibrator and different properties of the gas within the cylinder chamber. The derivation of the 

heat transfer correction factors will help to improve the existing mathematical models for the 

heat transfer during the expansion or compression of the gas in closed cylinder chambers and 

therefore decrease the uncertainty component that covers the incompleteness of the existing 

models. 
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